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AcHMIITOTHHeCKaa yCTOHHHBOCTb KOJieSaHHH flByxMaccHoro 

pe30HaHCHoro rpoxoTa c o/],hoctopohhhm orpaHHMHTejieM 6e3 3a3opa 

0. K). MaxapeHKOB 

AHHOTaii,Ha. B pa6oTe flOKa3MBaeTC5i acHMnTOTHHecKaa ycToftHHBOCTb nepn- 
oflHMecKHx K0jie6aHHft b MOflejin pe30HaHCHoro rpoxoTa b npeflnojicmeHHH, mto 
^acTOTbi nopo^Kflaioiueft CHCTeMbi coothocatch KaK 1:2 h ^acTOTa BHeniHero abh- 
raTejia coBnaflaeT c MeHbineii H3 sthx nacTOT. Taxaa nocTaHOBKa cooTBeTCTBy- 
eT ninpoKO Hcnojib3yeMOMy pejKHMy pa6oTbi rpoxoTa - HejiiraeftHOMy pe30HaH- 
cy. OGocHOBaHHe npoBOflHTCH npn noMomH npefljicmeHHOH aBTopoM HerjiaflKoft 
BepcHH BTopoft TeopeMbi H.H. BorojiK)6oBa. CTporo flOKa3aHO, hto HaiifleHHbiH 

pe30HaHCHblft pe>KHM 5IBJI5ieTC5I flByXHaCTOTHblM. 

1. BBe^eHHe. B pa6oTe H3yHaeTC5i noBefleHne flByxMaccHoro pe30HaHCHoro 
rpoxoTa, pacMeTHaa cxeMa KOToporo npeflCTaBjieHa Ha (pnr. 1. 



CO 



x 2 




o 

Ohr 1 : CxeMa ,a;ByxMaccHoro pe30HaHCHoro rpoxoTa, npiiBOfliiMoro b flBHJKeHiie ^BiiraTejieM c HacTOToii Bpa- 
meHHfl u>. >KecTKOCTb npyjKHHbi P omicbiBaeTCfl KycoHHO jihhghhoh (pyHKnneii P(x\ —X2) = max{0, x± — a^}- 
B coctohhhh noKOfl h npii BbiKJiKiHeHHOM ^BiiraTejie 3a3op Meatfly orpaHHHHTejieM P h TejiOM mi paBeH Hyjiio. 

IlpH BbiKjno^eHHOM flBiiraTejie h OTcyTCTBHii TpeHHH CHCTeMa coBepniaeT 
flByxnacTOTHbie KOjie6aHH5T c nacTOTaMH u\ h 0J2. Ecjih bkjuohhtb flBHraTejib 

H CMHTaTb TpeHHe MajIbIM, TO npn6jIH>Ka5I UJ K UJ\ HJIH Co>2, B CHCTeMe B03HHKaeT 

pe30HaHC. B [1, c. 137] saMeneHO, mto oahh 113 sthx pe30HaHCOB w = UJ2 hb- 

JI5ieTC5I HejIHHeftHblM H HTO npHHHHOH HejIHHeilHOCTH 5IBJI5ieTC5I COflep>KaiII,HHC5I 



b MOflejiH ynpyrnft orpaHHHHTejib. ^jih o6ocHOBaHH5i flaHHoro yTBep>KfleHH5i b 
KHure p] Hcnojib30BaH Tax Ha3biBaeMbift MeTOfl SKBHBajieHTHoft jiHHeapH3au,HH, 

5IBJI5IIOIII,HHC5I He BnojiHe CTporHM. 

B HacTonmeft pa6oTe noKa3biBaeTCH, hto npn cpopMajibHOM Tpe6oBaHHH Ma- 

JIOCTH >K6CTKOCTH OrpaHHHHTeJIfl yKa3aHHblft HejIHHeHHblft pe30HaHC MO>KeT 6bITb 

CTporo HsyneH MeTOflOM ycpeflHeHHH h, hto acHMnTOTHHecKaa ycToftHHBOCTb co- 
OTBeTCTByK)m,Hx KOjie6aHHii MOxeT 6biTb ycTaHOBjieHa npn noMomn HerjiaflKoro 
aHajiora BTopoft TeopeMbi H.H. Borojiio6oBa (2|. 

CTaTba nocTpoeHa cjieflyiomHM o6pa30M. B pa3flejie 2 pa3pa6aTbiBaeTC5i cno- 
co6 npHBefleHHH k CTaHflapTHoft (popMe npHHinina ycpeflHeHHH CHCTeMbi flncp- 
(pepeHD,HajibHbix ypaBHeHHft, onHCbiBaiomHx HanGojiee o6myio MexaHH^ecKyio 
CHCTeMy flByx CB5i3aHHbix Teji. B pa3flejie 3 BBOflaTca ycjiOBira npHMeHHMOCTH 
HerjiaflKoro aHajiora BTopoft TeopeMbi H.H. Borojiio6oBa. B TpeTbeM pa3flejie 
nojiyneHHbift cnoco6 npHMeiraeTCfl k cncTeivte flH(p(pepeHnHajibHbix ypaBHeHHft, 
onHCbiBaioiHHX MOflejib rpoxoTa (pur. 1, b KOTopoft fljin npocTOTbi npeflnojia- 
raeTCH uj<i = 2oj\ = 2oj. ,HpKa3biBaeTC5i, hto Hajinnne ynpyroro orpaHHHHTejia 

npHBOflHT K aCHMnTOTHHeCKH yCTOHHHBbIM nepHOflHHeCKHM KOJieGaHHHM C flByMH 
HaCTOTaMH UJ H 2<jJ. 

2. 06m,ee ypaBHeHHe fljia aMnjiHTyflbi acHMnTOTHiecKH ycTOHHH- 
bi>ix nepHOflHnecKHx KOjie6aHHH b cjia6oHejiHHeHHi>ix MexaHHnecKHx 
CHCTeMax, coflep»caii],Hx flBa Tejia. CncTeMy o6biKHOBeHHbix flncpcpepeH- 
nnajibHbix ypaBHeHHft, onncbiBaroiHHx KOopflHHaTbi x\ h flByx Teji, CBH3aHHbix 
nocpeflCTBOM cjia6o HejiHHeftHbix npyscHH, npn yneTe B5i3Koro TpeHHH h nepno- 
flHnecKoro B03fleftcTBHH, b Han6ojiee o6meM BHfle mo>kho 3anncaTb KaK 



rfle mi,m2 > Maccbi Teji, e > - Majibift napaMeTp, M - 2 x 2-MaTpnna, 
Qi{z), Q2(e) — 1 x 2-MaTpHu,bi h F : RxR 2 xM 2 x [0, 1] — > M 2 . Ycjiobkh Ha ncnojib- 




£Qi(Qi{e)x)Qi(e)x 
eq2{Q2{£)x)Q 2 {£)x 



eF(t 



(2.1) 




30BaHHbie (J)yHKu,HH 6yflyT B03Jio:>KeHbi no3>Ke, otmcthm jinnib, hto CKajinpHbie 
(pyHKinin q\ h q 2 HenpepbiBHbi h KycoHHO-jiHHeiiHbi, Tax hto cooTBeTCTByiomHe 
npoH3BOflHbie qi h q 2 - KycoHHO-nocTOHHHbi. CoBepniHM pafl npeo6pa30BaHHft. 
IlepenHnieM cncTeivty (12.11) xax 

rn 2 x 2 J y(q 2 (Q 2 (£)x(-))) J 

OTKyfla BHflHO, hto BBOfla HOBbie nepeMeHHbie (cm. [3]) 

2/1 (t) = mi±i(f) + egi(Qi(e)x(t)), j/ 2 (f) = m 2 x 2 {t) + £g 2 (Q2(e)zW) 

MonceM nepenncaTb ee b BHfle neTbipex ypaBHeHHft nepBoro nopnflKa 

1 1 

x\ = — (yi - eqi(Qi(e)x)), x 2 = — (y 2 - eq 2 (Q 2 {e)x)) 
m\ m 2 

^ a, v( + (iSyi-eqi{Qi{e)x))\ \ 
+ Mx = sF \t,xA 1 ,e (2.2) 

V - eq 2 (Q 2 (e)x)) J J 

CooTBeTCTByioniaa noponcflaioiHaH CHCTeMa BbinncbiBaeTCH Kax 

11 . , 

x\ = — yi, x 2 = — y 2 (2.3) 
mi m 2 

y\ = —anxi - a\ 2 x 2 , y 2 = —a 2 \X\ - a 22 x 2 (2.4) 

rfle dij - KOMnoHeHTbi MaTpniibi M. J\rr npHMeHeHHH npHHinina ycpeflHeHHH 
TpeGyeTCH npe,i],nojio:>KHTb, hto Bee pemeHHH CHCTeMbi (I2.3I) -( 12T41 ) hbjihiotch ne- 

pHOflHHeCKHMH. BblHCHHM yCJIOBHH, npH KOTOpblX 9TO HMeeT MeCTO. IIOflCTaBJIHH 

nepBoe ypaBHeHHe (12.31) b nepBoe ypaBHeHHe (12.41) . BTopoe ypaBHeHHe (12.31) bo 
BTopoe ypaBHeHHe (12.41) . h nojiyneHHoe b nepBOM cjiynae ypaBHeHHe b nojiyneH- 
Hoe bo BTopoM cjiynae, nojiynaeM cjieflyiomee ypaBHeHHe ajih x\ 

■ ■■■ &11 .. . &22 ■■ &2iai2 , a 22«ll A , n r x 

x i H x\ H xi xi H xi = (2.5) 

mi m<2 m\m 2 m\m 2 

npn 9tom H3 nepBoro ypaBHeHHH (12.41) 

x 2 = (— flii^i — miXi) /ai2 (2.6) 



riosTOMy, fljiH Toro, mto6m cncT6Ma (I2.3l) -( j2~4l ) HMejia TOJibKO nepnoflHMe- 
CKne penieHHa Heo6xojj,HMO h flocTaTOMHO, mtoGm co6cTBeHHbie 3HaMeHH5i 
xapaKTepHCTH^ecKoro MHoronjieiia ypaBHeHHH ( 12.51 ) 6mjih pasjiii^Hbi h mh- 
cto MHHMbie. ^aHHbiii xapaKTepncTHHecKHH MHoroHjieH BbinncbiBaeTca KaK 

A 4 + (022(1/^2) + an(l/mi))A 2 + (011022 - ^21^12) / '(mim 2 ) = 
h ero kophh KOToporo HaxoflHTCfl no (popMyjie 

2 1 / 1 1 \ 1 /7 i 1 / ^ 

Ai2 = -o fl 22 Han — ±-W a 22 an — +4 021^12 (2.7) 

riosTOMy, Ka«;floe peineHne cucTeMbi ( 12.31 1- ( T2~4f ) aBjiaeTra nepnojjHMecKHM Tor^a 
h TOJibKO Torfla, Korfla 

021^12 < 011^22 (2.8) 
ITpn 3TOM, corjiacHO npaBHjiy cocTaBJiemifl peineHHft jiHHeftHbix ypaB- 
HeHHfi (cm. [4j), o6inee penieHne ypaBHeHHa (12.51) 3anncbiBaeTC5i b bh- 
jj,e x\(t) = ai2 (^icsincji^ + Aiscostuit + A 2 c sin u 2 t + A 2 s cos cu 2 t) , 
rjj,e wi j2 = y/— (Ai )2 ) 2 h Aic, A 2C: A 2S npoH3BOJibHbie nocTO- 
aHHbie. Torfla, H3 (12.61) HMeeM x 2 (t) = (—an + miUj\){Aic sm. u\t + 
AiscosuJit) + (—an + miu^X^csinu^ + A 2 s cos u^) • TaKHM 06- 
pa30M, o6inee penieHne (xi,x 2 ,yi,y 2 ) cncTeMbi (I2.3l) -( |2~4f ) HMee-T bhjj,: 
(xi(f), z 2 (t), 2/2W)* = to(t)(A lc , A 1S: A 2C , A 2S )* 



rjj,e 



n(t) 



^ a\ 2 sin(cjit) ai2cos(o;it) 

(—an + mi(J{) sm.(uj\t) (—an + mitul) cos(uit) 

vii\UJ\a\ 2 cos(cjit) — miCJiai2 sin(a;i£) 

, m2CJi(— an + rriiul) cos(uit) —m 2 ui(—an + mia;f) sin(u;it) 

ai2 sin(cj2^) ai2 cos(a; 2 t) ^ 

(—an + m\UJ 2 ) sm.{u 2 i) (—an + miu 2 ) cos{uj 2 t) 

miu 2 ai 2 c.o${u 2 t) —miLU 2 ai 2 sm.(u 2 t) 

m 2 uj 2 {— an + rriiul) cos(u 2 t) —m 2 u 2 (—aii + miLU2)sm(u 2 t) , 



2.9) 



JleMMa 1. nycmb qiyHdaMeHmaAtHaH cucmeMa pemenuu AuneuHou cu- 

cmeMU v = Cv, zde C - n x n-Mampuya. Henpepueno ducfjcfjepenyupyeMaa 
qiywKyusi t \—> v(t) aejiaemca na ompesKe [0, to] pemenueM cucmejuu 



v = Cv + g(t, v) 

zde g 6 C°(R x M n ,R n ) 7 mozda u moAbKO mozda, Kozda giyuKyuM 

u (t) = fi^-tyt) 
fieAttemcM na smoM ompesKe pemenueM cucmeMU 

u = Q,(t)- l g{t y Sl(t)u) 



2.10) 



2.ir 



2.121 



/^OKa3aTejibCTBO npoBOflHTca aHajiorHHHO [5| jieMMa 2.4]. 

TaKHM o6pa30M, fljia npHBefleHHa CHCTeMbi (12.21) k CTaHflapTHoii (popMe npHH- 
u,Hna ycpeflHeHHH Heo6xo,a,HMO bbihhcjihtb o6paTHyio k ( 12.91) MaTpiiuy. IlpflMOH 
noflCTaHOBKoii npoBepaeTca, mto 3Ta MaTpHD,a flaeTca (popMyjioii 



^ ——COSUJit 

UJl 1 



V 



— sin uvt 

U) 2 1 





-— cosuj\t 

^ COS U^t 7T Sin U^t 





\ 



UJ<1 



UJl 



— sin — cos U2t 

^ UJl * 



u>2 



J 



o 



( 



o- 



^mi) 2 m 2 ai 2 ((a;i) 2 - (W2) 2 ) 



V 



cosu^ — sinu^t 
sina^ cosu^t 

coscjit — sincjit 

sinwi^ coscjit 



\ 



o 



o 



^m2j922^1^2 Sm UJ^t — 1X1^12^2^2 SHllc^t 1TL2P22 COS Ld2t — TYl\(l\2 COS UJ20 

7722^22^1^2 cos cj2^ — m\a\2rn2 l ^2 cos a^t — 1712P22 sin u)2t mia^sinu^t 

777,2^21^1^1 Sin Uit — 777iai277720;i sinCJiTj 7772/721 COS CJi?; — 777iai2 COSCJiTj 

^77727J2l777ia;i COSCJiTj — TTl\CLi2Tfl2iO\ COS UJ\t —77727721 shl UJit Wi\a\2 sin CJit y 



rfle/?2i = —ailrriiuj 2 , P22 = — an+mia;|. Hcnojib3y5i jieMMyQ], mojkgm 3anircaTb 
CHCTeMy (12.21) b CTaHflapTHoft (popMe npHHirnna ycpeflHeHH5i 



A = eVL{ty l g{t,A,e) 
r fl e A = (A 1C: A 1S , A 2C , A 2S ) G M 4 , 

1 -^i(0i(^)(^iW^2W)*^) 

-^2 (Q 2 (e) (fiiM^Mj ^ 
/ / 



g(t,A,e) = 



(2.13) 



\ 



F 



\ 



V 



^\n 3 (t)A-e qi \Q 1 (e)\ n ^\^ 



^(n 4 (^-^ 2 (Q 2 ( £ )| Ql(t) U 



V 



(2.14) 

h ili(t) o6o3HaMaeT i-K) KOMnoHeHTy 4-MepHoro BeKTopa Qi(t)A. Tax xax MaT- 
pnna Q(t) paBHOMepHO orpaHiraeHa Ha R, to acHMnTOTHnecKH ycTofi^HBOMy pe- 
nieHHK) t — ► ^4(t) cncTeMbi (12.131) cooTBeTCTByeT acHMnTOTHHecKH ycTOHHHBoe 
penieHHe a^), £/i(t), V2{t))* = Q(t)A(t) cncTeMbi (12.21) . Bojiee Toro, kom- 

noHeHTbi (2/1,2/2) 9Toro perneHira, oneBHflHO, flHcpcpepeHinipyeMbi no BpeMeHH h, 

3HaMHT, KOMnOHeHTa (xi,X2) 5TBJI5ieTC5I, B 9TOM CJiyHae, aCHMnTOTHMeCKH ycToii- 
HHBblM penieHHeM HCXOflHOH CHCTeMBI (12.11) . 

HTaK, ycTaHOB jieHO , mto earn BbinojiHeHO ycjiOBue (12.81) , to acuMiiTOTHMecKH 

yCTOHHHBbIM penieHHHM A{t) CHCTeMbI (12.131) COOTBeTCTByiOT aCHMIITOTHHeCKH 

ycTOHHHBbie penieHHH (xi(t), X2{t)) = (Qi(t)A(t), Q2{t)A(t)) CHCTeMbi (12.11) , rzje 
MaTpima £l(t) flaeTca (popMyjiofi (12.91) . 

3. BTopaa TeopeMa H.H. BorojiioSoBa ^jia CHCTeM c HHTerpajibHO 
flHCpcpepeHijHpyeMbiMH npaBMMH HacTaMH. B stom pa3flejie flOKa3biBaeT- 
ca, hto npaBaa nacTb nojiyneHHoft b pa3flejie 2 CHCTeMbi (12.131) yflOBjieTBopaeT 
Tpe6oBaHH5iM npefljio>KeHHoro aBTopoM b [2] HerjiaflKoro aHajiora BTopoft Teope- 
Mbi H. H. Borojiio6oBa. 



Onpe^ejieHne 1. 0yHKV ) UH) f G C°([0, T] x W 1 x [0,1], R") na3oeeM unme- 
gpaAtHO du$$epeH , u ) upyeMou, ecAU KaotcdoMy 7 > coomeemcmeyem 5 > u 
MHODfcecmeo M C [0,T], jie6e2oea Mepa nomopozo we npeeocxodum 7 > ; raa- 
Kwe 7 imo ecerc — *Uo|| < 5, t G [0, T\ \ M u s G [0, (5] fyyuKuxifi f(t, •, e) 
ducfjcfjepeni^upyeMa e moune v u 

\\f v (t,v,e) - f v (t,VQ,ti)\\ ^ 7 

JleMMa 2. Tlwcmb h G C°(R x R n x [0, l],R n ) u 

fl? = ft6R B : BignKi) = s^G 1^}, a G {-1, 1}" = {-1, 1} x • • • x {-1, 1}. 
UpednoAOMCUM, nmo cymecmeyem 2 n fyywKUAiu h s G C 1 (R x R" x 
[0, 1],R"), s G { — 1, l} n maKux, nmo 

h(t, f, e) = h a (t, f , e), (t, £, e) G R x R» x [0, 1], s G {-1, 1}" 
IIpednoAODfcuM, nmo D G C°(R x R n x [0,1], R n ) u ^yuKt^uM, Di(-,v , 0) • ... • 
/}„,(•, t>o, 0) UMeem KoneuHoe hucao nyAeu na [0, T]. Tbgcta (^yuKUfUM (t,v,e) 1— ► 
h(t,D(t,v,£),£) ydoGAemeopMem mpe6oeaHuw unmezpaAhHou du^epem^upye- 
Mocmu. 

,ZJoKa3aTejibCTBO. IlycTB ^ £1 ^ £2 ^ • • • ^ £fc ^ ^ - Bee HyjiH cpyHKUHH 
Di(-,-uo,0) • ... • i>o, 0) Ha OTpe3Ke [0, T\. 3a(pHKCHpyeM 7 > h iiojk»khm 

^=(Uti + 4)) n[o,T] 

TO eCTb 

Di(-,v 0> 0) ■...■!)„(■, v 0> 0)^0 flJiHBcex^G [0,T]\M (3.1) 

rioKa>KeM, hto cym,ecTByeT (5 > Taxoe, hto Di(£, e) • ... • D n (t, v, e) 7^ fljia 
Bcex t G [0, T] \ M, || i; — i>o|| < (5, £ G [0,(5]. ^eftcTBHTejiBHO, npeflnojio- 
«hb npoTHBHoe, nojiynaeM nocjieflOBaTejibHOCTb (t m! %, e m ) — > (^Oj^QjO) npn 

m — > 00, rfle^o G [0, T] \M h Taxyio, mto Di(t m ,v m ,£ m ) D n (t m ,v m ,£ m ) = 

npn m G N, b MeM npoTHBope^He c ( 13.11 ). TaKHM o6pa30M, npn Ka>KflOM 
t G [0, T] \ M, \\v — vq\\ < 5 h e G [0,(5] HaiifleTca s i;l)je G { — l,l} n Taxoe, 



hto D(t,v,e) G R™ h 3 3HanHT, (pyHKHM h(t, D(t,-,e),e) flHcpcpepenrpipyeMa 
b TOMKe v, 3aMeTHM, hto J > MOJKeT 6biTb yMeHbineHO eme h HacTOjibKO, hto 

St,«,e = s t ,v fl npn Bcex t G [0,T]\M, \\v - v \\ < S, e G [0, 5] 
AHajiornMHO, flOKa3biBa5i ot npoTHBHoro h Bbiflejinn cooTBeTCTByromyio cxoflH- 
m,yioc5i noflnocjieflOBaTejibHOCTb, npnxoflHM k 3aKJiiOHeHHK), hto D(to, ^o> 0) G 
^"lim s tmvmem i r A e lim„™ St m , Wm;£m ^ s to:Vofi mt E [0, T] \ M. Ho, no onpe- 
flejieHHio, Rg fl = npn si 7^ S2. IIojiyHeHHoe npoTHBopenne 3aBepniaeT 
flOKa3aTejibCTBO. □ 
HacTHbifi cjiyHaft (pyHKUHii D\ h D2 npn n = 2 H3yHajiCH paHee b [2] h b 
pa6oTax A. ByftKa. 

OKa3biBaeTC5i, ajih chctcm (13.21) . b kotopmx npaBaa nacTb He Be3fle flncpcpe- 
peHnnpyeMa, ho jinninHneBa h yflOBjie-TBopneT Tpe6oBaHHK) HHTerpajibHoft flncp- 
(pepeHD,HpyeMOCTH, yTBep>KfleHHe BTopofi TeopeMbi H. H. Borojno6oBa p, Teope- 
Ma II] nojiHOCTbio cnpaBefljiHBO. CooTBercTByioiHHH pe3yjibTaT ycTaHOBjieH aBTO- 
poM b [2], ho HeKOTopbie noxo^Kne Hflen hchbho Hcnojib30BajiHCb eme b Kjiaccn- 
necKHx pa6oTax no flHHaMHKe noflBecHbix moctob (cm. Hanp. [7j). Bojiee tohho, 
HMeeT MecTO TeopeMa. 

TeopeMa 1. Uycmh $yHK%ua heC°{Rx R n x [0, 1], W 1 ) u D e C°{R xR n x 
[0,1], IR") T-nepuoduuHU no epeMenu u ydoejiemeopawm ycAoeu^M AeMMu\E 
PaccMompuM cucmejuy 

A = eh(t,D(t,A,e),e) (3.2) 
u coomeemcmeyTomyw tpynKyuw ycpednenuM 

T 

h(A) = ^J^ /i(r,D(r,A,0),0)dr 

Uycmh A§ G R n - Henomopuu nyjih cfiyHKyuu h, e OKpecrriHocmu neKomopo- 
zo h nenpepueno ducficfiepemiupyeMa. Tozda, ecAU ece co6cmeeHHue 3HaneHUM 
Mampu%u h (Aq) ompui^ameAtHU, mo npu ecex docmamoHHO mclaux e > cu- 
cmeMa ( f . S\) ujueem eduncmeeHHoe T- nepuoduuecKoe pewenue A £ manoe, nmo 



A £ (t) — ► Aq npu £ — > 0. Bojiee mozo, pemenue A £ acuMnmomuuecKU ycmouuu- 

60. 

^OKa3aTejibCTBO cjie^yeT H3 ([2j, TeopeMa 2.5), jieMMbi [2] h 3aMeMaHH5i o tom, 
mto b ycjiOBH5ix jieMMBi [2] (pyHKUM (t, v, e) i— » i}(£, s) , e) jiHnniHneBa no 
v paBHOMepHO Hat xM"x [0, 1]. 

4. AcHMIITOTHHeCKaa yCTOHHHBOCTb H flByXHaCTOTHOCTb pe30HaHC- 

hbix KOJie6aHHH flByxMaccHoro pe30HaHCHoro rpoxoTa. ypaBHeHHH H3y- 
MaeMoro rpoxoTa (cpHr. 1) BbinncbiBaiOTca (cm. [T], c. 133) KaK 

miXi + eP(xi — X2){ii — ±2) — £ko(f](t) — x\ + ±2) + 

+P(zi - z 2 ) - k {v{t) - x x + x 2 ) = (4.1) 
m 2 x 2 - eP(x\ - x 2 )(xi - ±2) + ek2X2 + eko(fi(t) - 

—x\ + ±2) - P(x\ - X2) + A;2^2 + ko(rj(t) - x\ + x 2 ) = (4.2) 

ripeflnOJIO>KeHHe O MajIOCTH JKeCTKOCTH npy>KHHbI npHBOflHT K (pyHKUHH P BHfla 

P(A) = e/ciA + , rfle A + = max{0, A}. KoacpcpHnHeHTbi ko h & 2 yflo6HO npefl- 

CTaBHTb B BHfle ko = /Co + £&0, ^2 = ^2 + £^2- A- 113 flOCTHJKeHHH pe30HaHca aM- 

njiHTyfla, coo6in,aeMaa sjieKTpoflBnraTejieM, Bbi6npaeTC5i nopaflica e > 0, to ecTb 
iiojto>khm kor](t) = £T)(t). npHBefleHHH nojiyneHHoft CHCTeMbi k CTaHflapT- 
Hoft (popMe npHHu,Hna ycpe-flHeHM ncnojib3yeM pe3yjibTaT pa3flejia 2, (pyHKu,HH 
KOToporo npHHHMaiOT b cjiynae CHCTeMbi ( l4.1l) -( j4T2"l ) cjie,zryK)iH,HH bh^: 

(an ai 2 \ / k -k \ ( Qi(e)\ T/ / 1 \ 

M = = __ _ , = efci(a;i " ^2) 

ya 2 i a22y \-k ko + k 2 J \Q2{£) J \ l J 

H Qi( v ) = 92 (^) = v + . OyHKu,HK) ( 12.141) 3anHHieM b yo,o6HOM fljia npiiMeHeHHH 
TeopeMbi ([1]) BHfle: 

p(t,A,e)=flf(t,D(t,A,e)) 



rfle 



V 



+ ^o(-a) + fco(-6) + ?w + ^o(-6) + e^w 

- £o(-6) - fco(-&) - - - k 2 (U - 6) 



\ 



/ 



/ 



D(t, A, e) = 



1 

-8%^ + e 2 ki±- 1 



\ 



V 







m 1 



1 
1 



/ 



/ 



V 



n 1 (t)A-n 2 (t)A 
^{t)A - ±n A (t)A 
n^A 

^(t)A 



\ 



mi 



Tax Kax flHCpcpepeHirnpyeMOCTb cpyHKu,HH (£, £, e) 1— > £, e) HapymaeTca TOjib- 
ko Ha rHnepnjiocKOCTH £1 = 0, to (pyHKurm h(t,^,e) = f2 _1 (£)g(£, £, e) yflOBjie- 

TBOpaeT yCJIOBH5IM JieMMbI El TaK KaK CTpOKH MaTpHU,bI Q(t) JIHHefiHO He3aBH- 

chmm, to ycjiOBHHM jieMMbi [2] yflOBjieTBop5ieT T&Kme h (pyHKurm D. npHMe- 
HeHHH TeopeMbi CD ocTaeTca Haft™ ycjiOBHH, npn KOTopbix (pyHKurm 



t»n-\t)g{t,D{t,A,s),e) 



(4.3) 



nepnoflHMHa. YcjiOBne (12.81) npnoGpeTaeT bha —ko(-ko) < — ko(— k 2 + ko), to 
ecTb BbinojiHeHO Bcerzja. Xoth fljia nepnoflHHHOCTH (pyHKurra ( 14.31 ) flocTaTOM- 

HO, MT06bI MaCTOTbl U\ H Co>2 H3 (12.91) 6bIJIH COH3MepHMbI, HanGojIblUHft HHTepGC 

npeflCTaBjiaeT cjiynaft, Kor^a u 2 = Zc^i fljra HeKOToporo / G N. rioflCTaBjisra fla- 
BaeMbie (popMyjioft (12.71) SHaneHira u\ m lu 2 , npnxoflHM k cjieflyioiHeMy ycjiOBHK) 

nepHOflHMHOCTH (pyHKD,HH (14.31) 

j 2 ( k 2 + k + k \ 2 
\ m 2 mi 



k k 

1 + /2) 2 4 

fljifl HeKOToporo / G N (4.4) 



2tt 



min{cJi,cj2}, 



mim2 
rj(t) npn Bcex £ G 



(4.5) 



AjiropnTM BbmHCJieHHfl cpeflHero ot (pyHKHHH ( 14.31 ) onpefleji5ieTC5i mhcjiom / b 
(14.41) h (pyHKu,Hefi 77 (t) b (14.51) . B stoh CTaTbe mm npoBOflHM sto BbiMncjieHne 
fljiH cjiy^aH I = 2 h 7/(t) = cos(cut), mto no3BOJi5ieT 3aMeHHTb ocHOBHoe HBjieHHe 
- flByxnacTOTHOCTb KOjie6aHHH rpoxoTa. 

4.1. BbiHHCJieHHe cpyHKijHH ycpe^HeHHa b cjiy^ae CJ2 = 2w,u)\ = t/j. 
^OKa3aTejibCTBO HajiHHHa b nopcxacflaiomeM penieHHH rapMOHHKH c 
nacTOToii 2w. YcpeflHaa (pyHKipiio (14.31) 3a nepnofl 27r/a;, npn k\ = nojiynaeM 



/i (^lC,^15,^2C7,^ 



^ -aA w - PA iS + M 



/L4i C - aA ls 
-7A2C ~ crA 2S 
aA 2C - 



J 



rfle 



a = 



(3 = 



7 = 



knk 



0^2 



k k Q + k 2 



+ 4a; 



6 \m1m2co 3 rriiu m 2 u 

k k 2 k k + k 2 

m\uj 2 m 2 uy- 

k k 2 




4/c 4/c 2 
+ + 



4a; 



o = — 



6 \miO; 777-20; 77720; 777i77720; 3 
oJ / ZA'n VA'n ~llx-> 2ko kok 2 



2k 2k 2k 2 
' + - + 



6 \ 777iO; 2 77720; 2 7772a; 2 ko 2777i77720; 4 

1/1 1 \ 2 

+ 



6777ia; 3 \ 777 i 7772 



3/co777io; 



Ycjiobha (cm. TeopeMy CD) cym,ecTBOBaHH5i y (pymarHH /7q eflHHCTBeHHoro Hyjra 
Aq TaKoro, mto co6cTBeHHbie 3HaMeHH5i MaTpnijbi (/7o) / (^4o) OTpHD,aTejibHbi, npn- 
BOflHT k cjieflyiomHM npeflnojio>KeHH5iM: 



a > 0,7 > 
h cooTBeTCTByic-DXHH Hyjib flaeTor cpopMyjiofi 



(4.6) 



(Aic, Ais, A 2C , A 2S ) 



a 2 + /3 2, a 2 + /3 2,0, ° 



(4.7) 



TaKHM o6pa30M, npnxoflHM k cjieflyioiHeMy npe,i],jio:>KeHHio. 

IIpe/i,jT05KeHHe 1. (k\ = 0) nycmt 3am I = 2 eunoAnenu npednoAootcenuM 



(4-4\} ~ H4-3\} - nycmt eunoAnenu ycAoeuM ^.ffy . Tozda, npu k\ = u ecex 



2n 



docmamoHHO mclaux e > 7 cucmeMa M.lp - fcf^W UMeem eduncmeennoe 
nepuodunecKoe pemenue (a?i ;£ , X2, £ ) manoe, nmo 

xi >£ {t)\ I -ko-Jfpi sin(ut) +kojfp2 cos(ut) 

X2,e( t ) J yi-ko + m^Jf^sm^t) + (-k + rrnu 2 )^0^ cos(cjf) 
npu e — > 0. Pemenue (xi j£ , X2, e ) acujunmomuuecKU ycmouuueo. 

IlycTb Tenepb fci / h /i^ - cpeflHee 3HaMeHHe cooTBeTCTByioiHeH (pyHKUM 
( 14.31 ). Ilpe>Kfle Bcero 3aMeTHM, mto cymecTByeT 5 > Taxoe, mto HenpepbiBHO 
flH(p(pepeHi],HpyeMa npn k\ G [0, (5] b <5-OKpecTHOCTH tomkh (^4ic, ^4 is, ^2C, ^bs)- 
YTBep>KfleHHe cjie^yeT H3 TeopeMbi o He^BHOH (pyHKUHH ([8], En. X, §2) 
h Toro, mto <pyHKD,H5i t i— > (^i(t) — ^2 (£) ) (/4ic, ^is, ^bc, ^bs) * nepeceica- 
eT TpaHCBepcajibHO. /Jajiee, BHOBb no TeopeMe o He^BHoii cpyHKUHH, npn 
Bcex flocTaTOHHO Majibix k\ > (pyHKUM HMeeT eflHHCTBeHHbift Hyjib 

(AcM>AsA> A 2CM> A 2S,h) TaKOft > HT0 

^V&> A 2C,V "> (^2^2 > ^2^2 ' °' °J n P H &i ^ (4.8) 

H3 HenpepbiBHOCTH npoH3BOflHoii cpyHKUHH cjieflyeT, mto npn flocTaTOHHO Ma- 
jibix k\ > co6cTBeHHbie SHaneHHH MaTpnnbi A \sk^ A 2Ck^ A 2SkJ 

HMeiOT OTpHu,aTejibHbie BemecTBeHHbie nacTH. YMeHbinnM 5 > eme h Tax, mto 

A 1C%1 > h > npn A?i G [0, 5} (4.9) 



h noKa»ceM, hto 



A 2Ch ^ ® HJIH ^2Sfci ^ ^ n P H ^K^OM G [0,(5] (4-10) 

ripeflnOJIO>KHM, HTO 9TO He TaK, TO eCTb ^-2Ck Y ~ A 2Sk 1 ~ ^ n P H HeKOTO- 
POM /Cl G [0,(5]. ^JT5I BblHHCJieHHfl (pyHKUHH yCpeflHeHHH B TOHKe t4 = 



{A 1C ^, A 1S ^, 0, 0) BbiMHCjiHM (Qi(t)A — fl 2 (t)A) + . HMeeM 
Q 1 (t)A-Q 2 {t)A= (012 + an - m 1 u 2 )(A lc ^ i sm(ut) + A 1S ^ cos(ut)). (4.11) 



J\b& nocjieflOBaTejibHbix Hyjia (pyHKirnn (14.111) onpeflejiaroTca (popMyjiaMH 



1 

t\ = — t 2 , t 2 = — arccos 
u 



A 



npn 9tom ^Qi(-)A-Q 2 {-)Aj (ti) = -miuPyj {A 1C ^ 2 + {A 1S ^J 2 , OTKya,a 

cjieflyeT, mto (Qi(t)A-n 2 (t)A) + = n 1 (t)A-n 2 (t)A, upnt G [t h t 2 ], h (fii(t)A- 
r^2(^)^4) + = 0, npn t G [^2, ti+27r/o;]. HojiyMeHHbra bha (pyHKirnn 1 1— > (Qi(t)A— 

Q 2 (t)A) + n03BOJI5ieT BblMHCJIHTb (pyHKITHK) {A^^, ^ItffoJ 0, 0) H npHHTH K 

aaKjiiOMeHHK), mto nocjieflHne flBe ctpokh cncTeMbi h-^ (A 1C ^ , A 1S ^, 0, 0) = 
3anHCbiBaK)TC5i b BHfle 

/ 



kv 



■kojrni + m 2 ) + mim 2 uj I A 1S%1 A 1S ^ 



3A 



ism 



( I \\\ 



sin 



3 arccos 



3A 



V 



V 



(A 



ISM' J 



J 



= 



(4.12) 



Ecjih 



mim 2 uj 2 7^ ko(m\ + m 2 ) 



(4.13) 



to H3 cooTHonieHHii (14.121) nojrynaeM, mto no KpanHen Mepe OflHO H3 nnceji A IS ^ 
n A IC ^ paBHO Hyjno, nro npoTHBope^HT (14.91) n flOKa3biBaeT cnpaBefljiHBOCTb 
(14.101) . TaKHM o6pa30M, npnxoflHM k cneflyiomeMy npeflJiosceHHio. 



IIpe/i,jio^ceHHe 2. (k\ ^ 0). Ilycmb eunoAnenu ycAoeuM npedjiootcenuji Ul u 
ycjioeue H4-13\ )- Tozda cyu^ecmeyem 5 > 0, npu KomopoM naotcdoMy k\ G (0, 6] 
coomeemcmeyem £q > manoe, umo npu ecex £ G (0,£q] cucmeMa ([4-l\) - fi4^W 



UMeem eduncmeennoe T -nepuoduuecKoe pemenue (xi, £ , £ 2 ,e) manoe, umo 



^ -koA lc ^ sm(ut) — koA ls ^ cos(ut)— ^ 



-koA 2C ^ sm(2ut) — koA 2S ^ cos(2a;i) 
yx2 7 e{t) J (miu 2 - k )A lc ^ sin(ut) + (rmu 2 - k )A ls ^+ 

^+(4micj 2 — ko)A 2C ^ sm(2ut) + (4mio; 2 — ko)A 2S ^ cos(2ut)j 

npu e — > ; sde au6o A 2C ^ 0, jiu6o A 2S ^ 0. IIpu suiom 

(Aw Asa> A 2CM> A 2Sm) ~* (J^,J^^^) npu ki -► u pemenue 
(%i,e, %2,e) acuMnmomunecKU ycmouHueo. 

4.2. IIpHMep KOHKpeTHbix napaMeTpoB pe30HaHCHoro rpoxo- 
Ta, npHBOflam,HX k flByxnacTOTHbiM KOjieSamiaM. B 3tom nofl- 
pa3flejie npHBOflHTCH npiiMep KOHKpeTHBix napaMeTpoB rpoxoTa, yn,o- 
BjieTBopfliomHx bcgm ycjiOBHHM npefljio»ceHH5i (ED- H3 ( 14.41) HMeeM 
k 2 = k ■ (m 2 /mi) • (1/4/ 2 ) ((1 + / 2 ) - ^(l-l 2 )-4l 2 (m 1 /m 2 )y . B MacT- 

HOCTH, npHHHB 777-1 = 11,7772 = 64, nOJiy^aeM k 2 = (25/11)^0, Ha OCHOBaHHH 

Hero 3a(pHKcnpyeM ko = ll,fc 2 = 25. IIoflCTaBjiHH nojiyneHHbie 3Hane- 
HH5i b (popMyjiy ( 12.71 ), nojiynaeM a; = U\ = a/5/4, 2cj = cj 2 = \/5/2. 



CooTBeTCTByiomHe SHaneHHH a, /3, 7, a, 77 HaxoflHTCfl Kax a = 
P = 7rA?o/132 + ll7rfc 2 /300, 7 = v^tt, o = 7Tko/6 + ttA? 2 /150, 77 = -47rr/1815, b 
nacTHOCTH, ycjiOBHe ( 14.61) BBinojiHeHO. Ilo cpopMyjie ( 14.71) HaxoflHM (A\c, A\s) = 
-r (3403125 + 625(A? ) 2 + 6050M? 2 + 14641(£? 2 ) 2 ) 1 (6000\/5, 80(25£? + 
121fc 2 )/ll). HaKOHeu,, ycjiOBHe ( 14.131) , oneBHflHO, BbinojiHeHO h npefljico-KeHiie 
(EI) no3BOJi5ieT ccpopMyjinpoBaTB cjieflyromuft pe3yjiBTaT. 



IIpe^,jioxceHHe 3. Ilycmb m\ = 11, 7772 = 64, ko = 11, k 2 = 25 u ko, k 2 , r > 

- npou360Jibnu. Tozda cymecmeyem 5 > 0, npu KomopoM naotcdoMy k\ G (0, 5] 
coomeemcmeyem £q > manoe, nmo npu ecex £ G (0,£q] cucmejua ^.l\) - ^4-2\) 




V 



Our. 2: HiicneHHoe McmejmpoBaHiie aciiMiiTOTHHecKH ycTOHHHBbix peineHiiii ciiCTeMbi (|4,ip - (|4,2p npii mi = 11, 
m2 = 64, feo = 11, k2 — 25, fco = 0, &2 = 0, e = 0.001, r = 10. CjieBa: k\ = 0, cnpaBa: k\ = 25. 

UMeem eduHcmeeHHoe 8tt / ' \fh-nepuoduuecKoe pemenue (xi j£ , X2 7 s) manoe, umo 

( - U Acm sin (v^*/4) " ll^A cos (V5*/4) - X 

- 11A 2C% sin (>/5*/2) " llA^ cos (V5t/2) 
(121/16)A 1(7 ^ sin (Vbt/4) - (121/16)4^ cos (Vbt/4) + 
+(11/4)A^ sin (Vbt/2) + (11/4)A^ cos (V5t/2) ^ 

npw e — > 0, g^e ,/m6o ^4 2 cfci ^ ^, • /m ^° ^2Sfci ^ ^- ^ w 3m0M 
( A iCM' A is,h' A 2CM> A 2Sa) -> (^ic,Iis,0,o) np« A* -> u pewewwe 
(^i,e, ^2,e) acuMnmomuuecKU ycmouuueo. 

IlpeflCTaBjieHHoe Ha cpnr. 2 HncjieHHoe MOflejinpoBaHne noflTBepxflaeT, hto 
npn fci 7^ K0Jie6aHH5i CHCTeMbi ( 14 .11 ) -( 1421 ) fleftcTBHTejibHO hmciot HeoflHona- 
CTOTHbiii xapaKTep. 

Pa6oTa noflflep»:aHa rpaHTOM BF6M10 PocHayKH h CRDF (nporpaMMa 
BRHE) h rpaHTOM MK-1620. 2008.1 Ilpe3HfleHTa PO MOJioflbiM KaHflHflaTaM Ha- 
yK. Hccjie-flOBaHHH npoBefleHbi b xo^e CTa>KHpoBKH aBTopa b HHCTHTyTe Ilpo- 
6jieM YnpaBJieHHH PAH nofl pyKOBOflCTBOM npocp. B. H. Txan h cpiraaHCHpyeMoft 
rpaHTOM POOH 08-01-90704-mo6_ct. HccjieflOBaHne H3 pa3flejia 3 noflflep^KaHO 
rpaHTOM 09-01-90407-yKp_cp_a POOH, ocTajibHoe nccjieflOBaHHe - rpaHTOM 
09-01-00468-a. Abtop 6jiaroflapnT H. C. MapTbmoBy 3a noMoinb b KOMnbKyrep- 
hom Ha6ope CTaTbH. 
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